We explore spin blockaded electronic transport across a double quantum dot (DQD) system coupled to the nuclear spin dynamics of the two isolated nuclear baths present in it. We clearly demonstrate the novelty of considering the two separate nuclear baths by identifying the experimental signatures arising out of the sum and the difference Overhauser fields in relation to the observed hysteretic behavior of the leakage currents. In depicting our results, we elucidate some crucial aspects of carrying out the coherent and incoherent sum over nuclear states in the isolated baths during the evaluation of the hyperfine mediated spin-flip rates. A fundamental consequence of which is that the triplet-singlet spin-flip necessary for leakage currents and hysteresis occurs even in the case of identical nuclear baths without a difference Overhauser field.
Introduction: The observation of Pauli spin blockade in GaAs double quantum dots (DQD) [1] is a landmark in the area of spin based quantum information. The origin of this blockade is attributed to the triplet state in the two electron spectrum, which blocks electron transport since it can be filled but not emptied easily [2] . These blocking states, in general, permit manipulation of spins within the DQD system via a complex interplay between the delocalized electronic spins and the two isolated nuclear baths [3] [4] [5] [6] .
One interesting experimental observation arising from the spin blockade situation is the bistability of the leakage current with an applied dc magnetic field [3] . Hyperfine interaction with host nuclei mediates the triplet-singlet spin-flip that is responsible for the leakage currents resulting from the lifting of the blockade. Feedback mechanisms between the host nuclear spins and the single electron spins may cause dynamic nuclear polarization [7] or a steady build up of nuclear polarization via Overhauser fields [8] . These feedback mechanisms coupled with fluctuating random nuclear fields, in general, are known to be responsible for the observed non-trivial leakage current bistabilities and many other complex temporal phenomena [4] [5] [6] 9] . As a result, there has been a surge of theoretical research in the topic of hyperfine interaction mediated electronic transport typically predicting novel phenomena arising out of the feedback mechanisms [8, 10, 11] , control of electron states [12] , study of various relaxation effects [13] and predicting various regimes of operation [7] .
The focus of this paper, however, is to convey an understanding of the hysteresis of the leakage current with respect to an applied magnetic field ( Fig. 1(a) ) as seen in [3] . This involves the coupling of electron transport across a double quantum dot structure with the dynamics of nuclear spins representing the host nuclei, as shown schematically in Fig. 1(b) . A realistic representation of this set up has the electronic states delocalized over the structure while the nuclear spins are localized on each dot as shown in the schematic of Fig. 1(b) . The two electron states, for example, would involve entanglement between spins on different dots while their individual nuclear baths remain isolated. This can only be correctly captured by considering the dynamics of the two nuclear baths independently using two separate nuclear polarization variables. The key contribution of this work is to demonstrate the novelty of using two separate polarization variables representing two isolated nuclear baths and applying this to understand the I − B characteristic in [3] . In previous studies [14, 15] , the use of one nuclear bath variable made it mandatory for triplet-singlet spin flips to be activated only in the presence of a difference Overhauser field that arises due to the inter-dot inhomogeneities. The difference Overhauser field may be caused due to differences between the hyperfine interaction parameter between the two dots, or a difference in the number of nuclei or both.
Here, it is first demonstrated by using two separate bath variables, that contrary to what is expected, the triplet-singlet spin-flips occur even in the case of identical nuclear baths. This arises due to the proper carrying of coherent and incoherent sum over nuclear states while evaluating the triplet-singlet spin-flip rates. As a result, the leakage currents and indeed the flat-topped hysteresis structure seen in the experiment may be naturally explained by considering a case of two identical and isolated nuclear baths with equal number of nuclei and equal hyperfine couplings. The experimental trace is shown in Fig. 1(a) and our simulation is shown in Fig. 1(c) . We will then show that the observed fin structure at the terminals of the hysteresis curve as shown in Fig. 1(d) may be attributable, for one, to the build up of a difference Overhauser field due to the consideration of un-identical baths. We then elucidate the role of the DQD electronic structure which may, in addition, contribute to similar deviations from the flat-topped nature of the I −B trace. It must also be stressed that there is a noisy region in the I − B characteristic in Fig. 1(a) in which self-sustaining current oscillations occur. This aspect will not be covered in this paper and is an aspect which is still elusive [16, 17] . General Formulation: A generic spin blockade (SB) condition [2] is lifted when hyperfine-mediated transitions cause electrons to flip from the blocking state to a conducting state. Given the discreteness of the electron energy levels, hyperfine interaction is activated only when the two energy levels are in resonance. This can be achieved by applying an appropriate magnetic field B to cause a Zeeman shift of the levels. The Hamiltonian for spin-flip interaction is given byĤ HF = N k J kÎk ·Ŝ, whereŜ is the electron spin operator,Î k the nuclear spin operator and J k is the hyperfine interaction parameter of an individual nucleus treated as a point particle. N is the number of nuclei in the bath. This Hamiltonian can be expanded aŝ
The second term in (1) is the spin-flip part of the Hamiltonian which we shall abbreviate asĤ sf . In the case of weak hyperfine interaction, a mean field approximation may be applied to the above Hamiltonian. Therefore, the first term may be treated as an effective magnetic field that the electrons experience and may be lumped with the Zeeman term of the applied magnetic field B in the electron Hamiltonian aŝ
where J ef f is the total hyperfine coupling parameter summed over all nuclei and Î z is the average nuclear polarization. The J ef f Î z term represents the Overhauser field. The spin-flip term can be treated within the Fermi's golden rule approximation in which the rate of transition from an initial state in the electron-nuclear Fock space |i to a final state |f is given by
where
represents the Lorentzian density of states associated with a spin-flip transition. Given the long time-scales of nuclear dephasing compared to the electron-transport time-scales, one can decouple the fast dynamics of electron transport from the slow dynamics of the nuclei.
The electron transport is described by the well known many-body master equation approach [2, [18] [19] [20] with the hyperfine induced spin flip rates incorporated. For electronic states we then have:
where |k and |j are many-electron eigenstates of the QD Hamiltonian. R k→j denotes the electronic tunneling rates between either contact and the dot, while R sf k→j denotes electron spin-flip rates from |k to |j computed using (3). The tunneling rates R k→j are most generally described as
denotes the bare tunneling rate associated with either contact, M α kj = | j|d † α |k | 2 is the coupling matrix elements for an additive process of the dot electron with a creation operator d † α that is connected to contact α, ij are the transition energies between many-electron states that differ by one electron and
is the Fermi-Dirac distribution in the L/R contact. Note that if the transition is from a state with more electrons to one with fewer electrons, f will be replaced by 1 − f and the transition rates and matrix elements would be replaced by removal rates. Currents are then obtained from the steady state solution of the above master equation. Analysis of a single resonance: We first focus on understanding the origin of the hysteresis using a simple toy model, that describes the essence of the hysteresis due to the phenomenon of resonance dragging. Consider a basic spin-blockaded system within the dark state model developed in [2] as depicted in Fig. 2(b) . There are three electronic Fock states relevant for our discussion, viz. the empty state |0 and two one-electron states |+ and |− corresponding to S z = ±1/2. A physical realization of this system in the one-electron picture is shown in Fig. 2(b) , which is a spin split channel with energies + and − sandwiched between an unpolarized (left) contact and a down polarized (right) contact. The spin blockade (SB) regime sets in when the applied bias is such that the |+ state can be occupied ( Fig. 2(a) ). It cannot be emptied easily since the right contact is down polarized and the Coulomb interaction is large enough to prevent double occupation at any relevant bias. This leads to spin-blockade (SB) since Coulomb interaction pushes |− out of the transport window.
The hyperfine induced transition rates from |+ to |− resulting from (3) can be evaluated as follows: the state |f is a product state of the electronic state with the nuclear states. We wish to compute the rate of transition between electron states |+ and |− . Therefore, we must sum over all possible nuclear configurations to decouple the electronic state from the nuclear states. Denoting the initial total nuclear state as |n i and the final as |n f , we have
where P (n i , n f ) is the probability of the initial and final nuclear states being |n i and |n f respectively. Substituting the spin-flip Hamiltonian from (1) and noting −|Ŝ − |+ = 1 and −|Ŝ + |+ = 0, we get
For a non-zero matrix element, this requires |n f = I + k |n i . This implies that the k th nucleus must be in spin-down state in |n i and in a spin-up state in |n f . By summing over all possible configurations of nuclei other than the k th , using the fact that sum of probabilities of all other nuclear states over all possible configurations is 1, we remove dependence on their states to get
, where P k (↓) is the probability that the k th nucleus is in the spin-down state. Using
The computed term is used in (4). A similar expression for R sf −→+ can be calculated on the lines of the above derivation. Having computed all electron rates, we can obtain the dynamics of
from the individual master equations for N ↑ and N ↓ as
and γ I is a phenomenological nuclear spin dephasing constant. Typically, time-scales associated with nuclear spin dephasing are of the order of a few seconds. Resonance dragging and current hysteresis: The transport is obtained by solving the fast electron dynamics (4) self-consistently with the slowly varying nuclear dynamics (7). The results are shown in Fig. 2 (c), (d) . As the applied magnetic field B increases, the energy levels + and − come closer to resonance. When they are sufficiently close, spin-flip processes activate and electrons begin to flip from a |+ state to a |− state. While the flipped electrons flow out of the contacts to maintain the current, an equivalent number of nuclei flop from the down-spin to the up-spin state, leading to a rise in the nuclear polarization F I . This counters the decrease in energy due to B given J ef f > 0 (see (2) ). This regime of nuclear polarization buildup due to this negative feedback is characterized by an almost linear response of F I w.r.t. B (Fig. 2(c) ). As B rises further, the levels are gradually pushed out of resonance, leading to a decrease in γ nuc which weakens the ability of F I to respond to B, making the resonance still weaker. This leads to a runaway situation where the resonance breaks and F I dephases over time to 0. Correspondingly, the energy of the blocking state + sharply falls since the term J ef f F I vanishes. As a result, the level + is farther below − than when the resonance ended, precisely by an amount J ef f times the value of F I just before the resonance broke. Therefore, during the reverse sweep from B = 1 T, one must decrease B further to sufficiently raise the state |+ into resonance (Fig. 2(c) ). This explains the hysteresis between the forward and reverse sweeps. One also observes that the nuclear polarization F I rises rapidly till the linear portion of F I from the forward sweep due to a positive feedback between F I and B when + < − . The current ( Fig. 2(d) This leads us to analyze the DQD system whose feedback mechanism is based on a double resonance, where the above explained phenomena occur individually for each resonance, with positive and negative feedbacks juxtaposed to result in a flat-topped current. Analysis of a double resonance: In the case of the DQD, we need to treat two nuclear baths with polarization variables F a I and F b I along with a full consideration of the electronic structure of the DQD Hamiltonian. The electronic structure of a DQD arising from the coupling of two dots A and B (Fig. 1(b) ) is obtained by an exact diagonalizion of the hopping Hamiltonian describing it [2] . In particular, the two-electron subspace has 6 states of which three have S = 0 and hence S z = 0, while the other three have S = 1 and hence S z = −1, 0 and 1. The former three are called singlets (S 0 , S 1 and S 2 ) and the latter, triplets (T −1 , T 0 and T +1 ). The three triplets are degenerate at B = 0.
The relevant transport window involves 6 states as shown in Fig. 3(a) , comprising the 3 blocking triplets, 2 conducting singlets and a spin 1/2 bonding state b 1/2 in the N = 1 subspace which is accessed during the transport process. The two triplet blocking states T −1 and T +1 energetically move in opposite directions under an applied magnetic field. The two singlet states labeled S 0 and S 1 are the conducting states that would lift the blockade when mediated by hyperfine spin-flips. It is first important to note that the electronic structure of the two singlet states are typically given by:
where a,ā and b,b represent the up/down spin electrons residing in dot A and B respectively. While it is common to talk of the (0, 2) and (1, 1) singlet to denote the spatial degree of freedom on the two dots to represent the singlet states, (8) obtained by exact-diagonalizing the hopping Hamiltonian [2] shows that the correct representation of singlet states is in fact always a linear combination of (1,1) and (0,2) . The resonances that occur between T +1 and S 0 and between T −1 and S 1 are hyperfine mediated and it is instructive to derive the spin-flip rates that have many subtleties.
The spin-flip HamiltonianĤ sf from (1) now has contributions from nuclei of both dots, which can be separated as
The expression for the spin-flip rate remains identical to (5) , except that the eigenstates involved in the golden rule calculation are now of the form |T ±1 ⊗ |n
etc., to account for nuclear states of both dots A and B. We must therefore, sum over all possible nuclear configurations of dots A and B. While computing the matrix element between an initial product state and a final product state, it is essential to realize that if the nuclear state |n
, where k is a nucleus from dot A, then the contribution from the second term ofĤ sf above is 0, since the second term involves only nuclei from dot B and is thereby the identity operator in the nuclear subspace of A. In other words, |n A f must remain equal to |n A i for a non-zero contribution from the second term, while the opposite is the requirement for a non-zero contribution from the first term, which consists of nuclei from dot A only. Thus, we see that in summing over all possible nuclear configurations, the first and second terms inĤ sf above can never contribute together. This leads to two separate terms, one by tracing over all dot B nuclei and then calculating the matrix element (as in (5)) over dot A, and the other by tracing over dot A and then calculating the matrix element over dot B. In addition, we also note that f |Ĥ sf |i consists of a matrix element between the electronic states which is less than 1 and dynamically dependent on the values of B and F a/b I . This therefore requires us to also compute the electronic matrix elements self-consistently with electronic transport and nuclear polarization. Writing J a = k∈A J k and J b = k∈B J k , these non-trivial observations lead to
where α 0 and β 0 are from (8) and T denotes T +1 and S denotes S 0 . The transition rates between the other pairs involved in the second resonance can be similarly derived. It is of essence to note that we have an incoherent contribution from the two different baths, i.e., there are no cross-terms linking contributions from both baths. This is because while the electronic eigenstates are delocalized over the dots, the nuclear eigenstates are localized on each dots. This shows us that there will be a nonzero spin-flip rate whether or not the hyperfine coupling parameters are equal. That is, the matrix element of the spin-flip Hamiltonian between the singlet and triplet does not go to 0 even if the baths are "identical".
Let us define γ
, where E 1 = E T+1 − E S0 and E 2 = E S1 − E T−1 . Note that there are four such terms because there are two dots each of which contributes to two resonances. The dynamics of F a/b I is then governed by an equation similar to (7):
Now let us first consider identical nuclear baths. That is, N a = N b and hence J a = J b . For transport, with respect to Fig. 1(b) , the electronic parameters a = 0.01 meV, b = −2 meV, t = 9 µeV, U a,ā = U b,b = 4.01 meV, U ab = U a,ā /2 and the coupling to contacts γ = 5.2 × 10 −3 meV, are chosen such that the DQD system is in spin blockade [2] and the two resonances occur with a spacing of ∼ 1µeV. The nuclear coupling parameter J a/b = 7.5 µeV and the nuclear dephasing constant is chosen to be γ I = 5 × 10 −12 meV. In this case, one can note that the dynamics of Fig. 3(a) . We note that this consists of two dragged resonances (see Fig. 2(c) ). With the chosen DQD parameter set in the forward B sweep, the first energetically feasible resonance is that of T −1 − S 1 which has a positive feedback effect between the applied field B and Overhauser field. The T +1 − S 0 resonance energetically follows almost simultaneously with a negative feedback effect. The polarization arising out of T −1 −S 1 transitions is flipped with respect to that arising out of T +1 − S 0 transitions since the former requires spin-raising while the latter requires spin-lowering. Nevertheless, both these resonances individually produce a current waveform similar to Fig. 2(d) whose individual components are shown in the two panels of Fig. 3(c) as the triplet leakage probability which increases as blockade is lifted. The sum of the 'triangular' waveforms in Fig. 3(c) leads to the flat-topped 'square' waveform that is observed through the system, as depicted in Fig. 3(d) . It is important to note that the flat-top is observed because the two resonances occur sufficiently close to one another.
The second feature of interest is the fin-like flare-up that we observe towards the ends of the resonances, encircled in Fig. 1(a) . We attribute this to two possible phenomena. The first one relates to the two resonances whose energetic spacing relies on the DQD structure as a result of a deviation of the Hamiltonian parameters from the ones which ensure a close proximity of the two resonances. That is, if the two resonances are pushed farther apart in the energy domain due to a different parameter set, one triangular current trace would be shifted w.r.t. the other, leading to an imperfect superposition. This can be readily visualized to cause fin-like rise towards the end and a caving-in in the middle, which results in an overall decrease in the current of the middle portion as already noted in [8] .
The second one is more subtle and indicates the presence of a difference Overhauser field. For this, we shall consider unlike nuclear baths, that is where J a = J b . In this case, we note that the dynamics of F a I and F b I are in general different and therefore there is a difference Overhauser field present. An important consequence of the difference Overhauser field is that it mixes all states in the S z = 0 subspace of the Hamiltonian. That is, the new eigenstates of the two-electron Hamiltonian are T ±1 and four spin-0 states, each of which is a linear combination of S 0 , S 1 , S 2 and T 0 . We then obtain two blocking states (T ±1 ) and three conducting states in our transport window since the state that was purely T 0 previously is now replaced by a linear combination of the singlets and T 0 . Thus, whenever there is a build-up of difference Overhauser field, there is a rise in the current through the device due to the additional conducting state. In Fig. 4(b) , we plot the difference Overhauser polarization versus B. One can immediately note that in the regions where there is a build-up of the difference field, there is a fin-like rise in current (Fig. 4(c) ). The total polarization representing the sum Overhauser field (Fig. 4(a) ) on the other hand, remains visually similar to Fig. 3(b) .
Thus, the sharp rise/'switching' of the current is a consequence of the sum Overhauser field, while the fin-like flare-up is the effect of difference Overhauser field and/or a larger than ideal gap between the two resonances. Both the difference Overhauser field and a non-ideal resonance gap are simultaneously present in a fabricated DQD, as imperfections in deposition are bound to make the two dots unequally sized and hence the effective coupling different, and simultaneously the values of Coulomb repulsion and/or tunnel coupling strength different from the parameter set stated earlier.
Summary:
In this paper we demonstrated the novelty of using two nuclear spin degrees of freedom within the DQD transport set up. In doing so we also elucidated the importance of coherent and incoherent sums involved in the evaluation of the triplet-singlet spin-flip rates, a consequence of which depicted the role of the sum and the difference Overhauser fields as well as the DQD electronic structure in the interpretation of the experiments in [3] . However, the explanation of the unstable region in Fig. 1(a) and the associated self-sustaining current oscillations may involve nutations in the electron nuclear space and might necessitate the use of the density matrix approach [21, 22] . This aspect still remains elusive with a couple of recently proposed candidates [16, 17] .
Developing an understanding of non-equilibrium situations that involves the coupling with dynamics of additional baths will form a new and important frontier in the area of nanoscale transport.
